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Abstract 

We consider the linear cocycle (T,A) induced by a measure pre- 
serving dynamical system T : X — » X and a map A : X — » SL(2, ]R). We 
address the dependence of the upper Lyapunov exponent of (T,A) on 
the dynamics T when the map A is kept fixed. We introduce explicit 
conditions on the cocycle that allow to perturb the dynamics, in the 
weak and uniform topologies, to make the exponent drop arbitrarily 
close to zero. 

In the weak topology we deduce that if X is a compact connected 
manifold, then for aC(r> 1) open and dense set of maps A, either 
(T, A) is uniformly hyperbolic for every T, or the Lyapunov exponents 
of (T,A) vanish for the generic measurable T. 

For the continuous case, we obtain that if X is of dimension greater 
than 2, then for a C (r > 1) generic map A, there is a residual set 
of volume-preserving homeomorphisms T for which either (T,A) is 
uniformly hyperbolic or the Lyapunov exponents of (T, A) vanish. 
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1 Introduction and statement of the results 

Throughout this paper let G - SL(2, R). 
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Let fi be a finite positive measure on a measurable space X, T : X — > X be 
a /j-preserving map, and A: X — > G be a measurable map. The pair (T,A) 
is called a cocycle. It induces a skew-product map Ft,a : X x R 2 — > X x R 2 
defined by Ft^{x,v) = (T(x),A(x)v). Denote, for neN, 



A n T {x) = A(T"- 1 (x)) • • • A{T{x))A{x), so that E n TA {x,v) = {T l {x),A n T {x)v). 



The group G also acts on P 1 = P(R 2 ), so (T, A) also induces a skew-product 
map on X X P 1 . By simplicity we use the same notations in both R 2 and P 1 



Provided log ||A|| € L 1 ( l u), the upper Lyapunov exponent of the cocycle 
(T, A) at x e X, given by 



exists for /j-almost every x € X. (See e.g. |Arn| for basic facts about Lya- 
punov exponents.) We denote also 



A cocycle (T, A) where A is essentially bounded is called uniformly hy- 
perbolic if there exists, for /i-a.e. x € X, a splitting R 2 = E u (x) ® E s (x), which 
varies measurably with respect to x, is Fj^-invariant, and such that E u is 
uniformly expanded and E s is uniformly contracted. 

Uniform hyperbolicity of (T,A) is equivalent to the following: there 
exists c > 0, A > 1 such that ||A^,(x)|| > cA n for /j-a.e. x and n > 0. See (Yl 
proposition 2]. 

In this paper we address the question of the dependence of LE(A, T) on 
the dynamics T, where A : X — > G is fixed. We shall consider the following 
two general situations: 

Measurable situation: Assume that (X, ju) is a non-atomic Lebesgue space 
and A: X — > G is a bounded measurable map. The dynamics T 
varies in the space Aut(X, [j.) of the automorphisms of (X, /j) (i.e., bi- 
measurable \x -preserving bijections). We will always consider the 
space Aut(X, p) endowed with the weak topology, according to which 
T n ^T iff iU(T„(B) A T(B)) ^ for every measurable set B c X. 

Continuous situation: X is a compact manifold of dimension at least 2, [j. is 
a volume measure, and A : X — > G is continuous. Now the dynamics 
T varies in the space Homeo(X, /j) of /j-preserving homeomorphisms, 
which we endow with the uniform (C°) topology. 



cases. 



A(T,A,x)= lim -lo S \\A n T (x)\\, 

n— >oo n 
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Remark 1.1. In the respective topologies, the generic maps T e Aut(X,p) 
and T £ Homeo(X, p) are ergodic. These are classical theorems of Halmos | H | 
and Oxtoby and Ulam ] OU [, respectively. Although we shall not use these 
results, we use some related ideas from |AP|. 

More concretely, we are interested in finding out under what conditions 
on the maps A and T, is it possible to find a perturbation (in one of the two 
topologies above, according to the situation considered) TofTso that the 
Lyapunov exponent LE(A, f ) drops to an arbitrarily small value or even to zero. 
Moreover, we want those conditions to be checkable, instead of appealing 
to Baire's theorem. It is clear that such conditions must exclude some kind 
of hyperbolicity: if for example A is constant and hyperbolic, then LE(A, T) 
is positive and independent of T. (We will see later that the "kinds" of 
hyperbolicity we have to exclude are not the same in the measurable and 
continuous situations.) With this in mind, we look for the weakest possible 
conditions that imply dichotomies between zero exponents and uniform 
hyperbolicity. 

In the measurable situation, we shall define a condition over A, called 
richness, that guarantees the existence of maps T such that LE(A, T) = 0. In 
fact, we will prove (theoremQJ that if A is rich then the generic T e Aut(X, p) 
satisfies LE(A, T) - 0. The richness condition is explicit and involves only 
the measure v = A*p, (see definition ll.5t . It provides some "abundance" of 
matrices in the support of v that makes it possible to find elliptic products, 
"mix directions", and make the exponents vanish after a perturbation of the 
dynamics. 

Richness involves absolute continuity. So it turns out that for the richness 
condition to be checkable, we have to ask some differentiability of A. Since we are 
working in the measurable category, that restriction may be considered as 
a drawback. However, it is perhaps inevitable that some higher regularity 
must be asked from A. We conjecture indeed (see § I5.3t that there exists 
a map A : X — » G (that assumes finitely many values only) such that the 
integrated exponent LE(A, T) is bounded from below by a constant Aq > for all 
T e Aut(X,p), and nevertheless A assumes an elliptic value on a set of positive 
measure. 

Remark 1.2. Our problem of studying LE(A, T) as a function of T is parallel 
to the one addressed in |BJ, where the map T on the base is fixed and 
the cocycle A is perturbed. The following results are obtained in |B|: For 
any ergodic T e Aut(X, p), there is a residual set %i c L°°(X, G) such that if 
A € %j then either the cocycle (T, A) is uniformly hyperbolic or LE(A, T) — 0. 
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If, in addition, X is a compact Hausdorff space and \i is a Borel measure 
then there exists a residual subset Kj c C°(X, G) with the same properties. 
(See also ] BV | and | ArB | for extensions and related results.) 

Definition 1.3. Let us say that a bounded map A : X — > G satisfies the mea- 
surable dichotomy if: 

• either there is a constant A > 1 such that ||A(x„) • • • A(xi)|| > A" for 
every x\, . . . , x n e X (in particular, for every T e Aut(X, /j) the cocycle 
(A, T) is uniformly hyperbolic); 

• or the set of T € Aut(X, /j) for which LE(A, T) — is residual in the 
weak topology. 

Our next goal would be to express that "most" A's satisfy the measurable 
dichotomy. We are able to prove that fact if we restrict ourselves to C 1 maps 
A: X — > G on some connected manifold X. In fact, we give a complete 
classification in that case (see theorem that permits us to: 1) obtain the 
measurable dichotomy for an open and dense set of maps A (corollary 
OJl, 2) describe precisely which maps do not satisfy the dichotomy and 
explicit all the possible behaviors of the Lyapunov exponents for these 
maps (proposition B. 71 . 

In this regard, we also show that if we consider only maps A that 
assume finitely many values, then "most" of them will satisfy dichotomy 
(see theorem 0. However, that case is unrelated to richness, and actually 
we lose any explicit condition for zero exponents. 

In the continuous setting, we show that under certain conditions on 
the map A and also on the volume-preserving homeomorphism T, it is 
possible to perturb T and make the exponent drop or (under a stronger 
assumption) vanish. We obtain those results as consequences of the afore- 
mentioned measurable results. For that we use Alpern's technique [A2J of 
approximating measurable automorphisms by homeomorphisms. 

At last, we obtain a dichotomy result concerning homeomorphisms. 

Definition 1.4. We say that a continuous map A : X — > G satisfies the contin- 
uous dichotomy if for the generic T e Homeo(X, fi): 

• either the cocycle (A, T) is uniformly hyperbolic; 

• or LE(A, T) = 0. 

We prove that if X is a C manifold (r > 1) then the C '"-generic map A 
satisfies the continuous dichotomy. 

Next we give the precise statements. 
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1.1 The measurable case 



To define richness we need first to introduce some notation. If v is a measure 
in G and v € P 1 , then the push-forwards of v by the maps 

M£Gh M" 1 e G and MeG^M-veF 1 

are indicated by v -1 and v * v, respectively. If n e N, the push-forward of v n 
by the map 

(Mi,...,M„)eG" h M„---MigG 
(i.e., the n-th convolution power) is indicated by v* n . 

Definition 1.5. Let v be a finite measure on G of bounded support. Then v 
is called N-rich, for N e N, if there exists k > such that for every deP 1 
we have 

v* N * v > xm and (v* N ) _1 *v> Km, 

where m denotes Lebesgue measure in P 1 . The measure v is called rich, if it 
is N-rich for some N 6 N. 

The richness property is studied in § 13.11 where the following criterium 
is obtained: 

Proposition 1.6. Let Mbe a compact manifold (possibly 1-dimensional, possibly 
with boundary, possibly not connected), with a smooth volume measure p, and let 
A: M — > G be a C 1 map. Assume there are points p\, . . . , pi e M such that the 
matrix A(p^) • • • A(pi) is elliptic and moreover A is not locally constant at at least 
one of the pi's. Then A t p is rich. 

Our main theorem is: 

Theorem 1. Let (X, p) be a non-atomic Lebesgue space. Let A : X — > G be a 
bounded measurable map such that the measure A*p is rich. Then there is a 
residual set K A c Aut{X, p) such that LE(A, T) = Ofor all T e<R A . 

The following is an informal outline of the proof. Richness implies 
the existence of products that send any chosen direction into any other. 
Perturbing the dynamics in the weak topology we can make most of the 
orbits periodic. Also, we do that perturbation so that a very small "rich 
part" of the space is kept invariant. Then another well chosen perturbation 
makes most of the orbits spend a few iterates in the rich region in such 
a way that expanded directions are sent into contracting directions. This 
forces the Lyapunov exponents to drop close to zero. 

From theorem^and proposition ll.6[ we obtain the following result: 
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Theorem 2. Let X be a compact connected manifold (possibly 1-dimensional, 
possibly with boundary), and pbea volume measure. Let A: X — > Gbe aC 1 map. 
Then: 

(i) either there is a closed interval JcP 1 such that A(x) ■ I c I for every x e X; 

(it) or LE(A, T) = Ofor the generic T e Aut(X, p) (w.r.t. the weak topology). 

It is easy to describe all the possible behaviors of the Lyapunov exponent 
under alternative (i) in the theorem - see § 13.31 In fact, for an open and dense 
set of maps A (i) implies uniform hyperbolicity for any dynamics, so we 
obtain the result mentioned in the abstract: 

Corollary 3. Let 1 < r < oo and let Xbea compact connected C r -manifold. Then 
the set of A e C(X, G) that satisfy the measurable dichotomy is CI -open and dense. 

We remark that L°° and C° versions of corollary [3] are also true: 

Proposition 1.7. Let (X, p)bea non-atomic Lebesgue space. There exists a residual 
subset H c L°°(X,G) such that measurable dichotomy holds for every A e "R. If 
in addition, X is compact Hausdorjf and p is a Borel measure then there exists 
a residual subset K c C°(X,G) such that measurable dichotomy holds for every 
A eK'. 

The proposition follows from the results of |BJ mentioned in remark lh2l 
see appendix lA.5l for details. 

Question 1.8. Can theorem |2| be extended in some form to non-connected 
manifolds? Does corollary [3] remain true if X is not connected? 

1.2 The continuous case 

Next we consider volume-preserving homeomorphisms as dynamics. As 
explained before, it is useful to assume differentiability of the map A. 

So now we let X be a smooth compact connected manifold, possibly with 
boundary, of dimension d > 2, and let p be a smooth volume measure. Recall 
Homeo(X, p) indicates the set of ^-preserving homeomorphisms, endowed 
with the C° topology. Our main result in that setting is: 

Theorem 4. Let T € Homeo(X, p) and A € C a (X, G). Assume there is a T -periodic 
point p = T n (p) such that: 

• Aj(p) is elliptic; 

• A is not locally constant at at least one of the points p, Tp, . . . , T n ~ x p. 
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Then for every e > there exists f e Homeo(X, /i) arbitrarily C Q -close to T such 
that LE{A, f) < e. 

In fact, it is easy to strengthen theorem |3| by demanding only the exis- 
tence of periodic pseudo-orbits with similar properties; see § 14.31 

Let us call a periodic point p of period n for an homeomorphism 
T: X — > X persistent if for every e > there is 5 > such that if f is an 
homeomorphism <5-C°-close to T then f has a periodic point p of period 
n which is t-close to p. (For example, if p is an isolated fixed point of 
Poincare— Lefschetz index different from 1 then p is persistent.) 

Theorem HJ together with a semicontinuity property (proposition E3/ 
implies: 

Corollary 5. Let T e Homeo(X,ji) and A e C 1 (X,G). Assume that T has a 
persistent periodic point p = T n (p) such that: 

• Aj(p) is elliptic; 

• for some i = 0,1, ... ,n - 1, the derivative DACT'p) is non-zero. 

Then there is a neighborhood 11 c Homeo(X, jj) of T and a residual subset % c 1i 
such that LE(A, f) = Ofor all ten. 

Recall definition Ol The C° -generic map satisfies the continuous di- 
chotomy - this follows easily from [BJ and proposition lA. 71 Here we extend 
this result to higher topologies: 

Theorem 6. Let 1 < r < oo and let X be a compact C r -manifold, with a smooth 
volume measure p.. Then there is a residual set % c C'(X, G) such that if A e H 
then A satisfies the continuous dichotomy. 

Our proof of the corollary [3] gives an effective way to decide whether a 
given map A : X — > G satisfies the measurable dichotomy. That is not so for 
our proof of the continuous dichotomy theorem [6j Two related questions 
are: 

Question 1.9. Is there any analogue of theorem|2]for the continuous case? 

Question 1.10. In theorem|6j can we take an open and dense set, instead of 
a residual one? 
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1.3 The smooth case 

If both T and A are assumed to have higher regularity, then dichotomy 
between uniform hyperbolicity and zero exponents is no longer true - 
either fixing A and varying T or fixing T and varying A. This is shown by 
the following two examples: 

1. Let T: X — > X be a volume-preserving C 2 Anosov diffeomorphism. 
Then the exponent is positive on an open and dense subset of C l {X, G), 
by results of Bonatti and Viana |BnV[. 

2. Consider Schrodinger cocycles on the d-torus: 

SA,v^) = y[ 6) "q 1 )- 9eT d , AeK (1) 

If V(0) is a non-constant trigonometrical polynomial, and the dynam- 
ics in the base is restricted to real analytic maps in a neighborhood of 
the unit polydisc in C d , then Herman ]Hel | showed that there exists 
a positive lower bound on the exponent, provided A is greater than 
some Ao- 

In our setting, we can ask: 

Question 1.11. Assume A: X — > G is a C 1 map that assumes both elliptic 
and hyperbolic values. (A concrete interesting example in the torus X -T d 
is A - Sv,a given by Q} with V(6) - cos Q\ and A » 1.) When is it possible 
to find a volume-preserving C 1 map T: X — > X such that LE(A, T) is exactly 
zero? 

We mention here two results obtained by Herman proving abundance of 
zero exponents in the absence of uniform hyperbolicity for smooth cocycles 
above uniquely ergodic diffeomorphisms of the circle. (Here the exponents 
are computed above the unique invariant probability measure.) The results 
are based on Baire category arguments and the method used is to approxi- 
mate the base dynamics by periodic maps and concentrate the measure on 
orbits above which the product of matrices are elliptic. 

Define 

F : °° = {/6DifC(T 1 ); p(/)€RvQ} 

where p(f) denotes the rotation number of /. We consider maps A e 
C^' (T 1 , G), that is, smooth maps that are not homotopic to a constant matrix. 

The set W x C~(T 1 , G) is a Baire space with the C°° -topology. Then: 



8 



Theorem 1.12 (|He2|). There is a dense G 6 set GcF™x C^CT^G) ofcocycles 
(/, A) such that f is uniquely ergodic and LE(A, f, pf) = with p * the unique 
invariant probability of f. 

Here the absence of uniform hyperbolicity is granted by the fact that the 
cocycle is not homotopic to identity - see |Hel . proposition 4.2]. 

The set of smooth maps that are homotopic to a constant matrix is 
denoted by C™(T\G). Then: 

Theorem 1.13 (|He2|). There exists asetFcz FJ° x C~(T 1 ,G) whose C°° closure 

F is C° dense in the subset ofnon-uniformly hyperbolic cocycles in F™ x C^°(T 1 , G), 

and such that there is a C°° dense G§ set G c F of cocycles (f,A) such that f is 
uniquely ergodic and LE(A,f, pf) = with pc the unique invariant measure of f. 

1.4 The discrete case 

We return to the measurable case and consider this time the situation where 
A : X — > G assumes a finite number of values. Such A cannot satisfy the 
richness condition, so the previous results do not apply. Nevertheless we 
can prove that measurable dichotomy holds generically. 

Definition 1.14. A bounded set E c G is called uniformly hyperbolic if there 
exists A > 1 such that 

||A„---Ai|| > A" for all A lf ...,A n e E. 

(Notice that the first option in definition ll .3l just amounts to saying that 
A(X) is a uniformly hyperbolic set.) 

Given an N-tuple of matrices E = {A\, . . .,A^), for simplicity we also 
write E for the set {A\, . . . , A^}. 

Theorem 7. Let N > 2 be an integer. There exists a residual set H c G N such 
that for every E e H: 

• either E is uniformly hyperbolic; 

• or for every measurable map A : X — > E which assumes every value in E on 
a set of positive measure, there is a residual set Ha c Aut(X, p) such that 
LE(A, T) = Ofor every T e R A . 

Remark 1.15. For the reader's information, we mention a characterization 
of uniform hyperbolicity obtained in IAvBYI : A compact set E c G is 
uniformly hyperbolic iff there exists an open set U c P 1 with finitely many 
connected components and U ^ P , such that A(U) c U for each A e E. 
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1.5 Structure of the paper 

In section|2]we prove theorem^ In section[3]we prove proposition ll.6l and 
then theorem 12 Section |4] deals with the continuous case and contains the 
proof of theorem |U (that uses again theorem [l] and proposition ll.6t . The 
proof of theorem is given in section [5] and it is independent of the other 
results. In the appendix we present some technical results that are used 
throughout the paper. 

2 Proof of theorem H] 

In all this section, (X, /i) denotes a non-atomic Lebesgue space (not neces- 
sarily with ji(X) - 1). 

The following are roughly the main steps of the proof: 

• In § 12. II we show that given A : (X, — > G, the existence of some 
dynamics T e Aut(X, for which LE(A, T) is small depends only on 
the push-forward measure A*y. in G. That is very useful, because it 
allows us to address the questions in Lebesgue spaces (X, jj.) and maps 
A : (X, fi) — > G that are convenient for our constructions. 

• In S 12.21 we show that if a measure v = A t ^ is 1-rich then there exists 
T e Aut(X, /j) for which LE(A, T) is small. 

• In § 12.31 we collect abstract lemmas on perturbation of measures and 
maps. Then, in § 12.41 we relate the convolution measure v* N that 
appears in the definition of richness with a dynamical construction. 

• In § 12.51 we conclude the proof. We apply the result from S I2.4l to obtain 
an induced cocycle whose push-forward to G is a measure which is 
close to an 1-rich one. A specific argument of continuity is used to 
allow the use of the results of S I2.2l despite the fact that we are dealing 
with a measure that is only close to a 1-rich one. 

2.1 Least exponent of order k 

We begin introducing some notation: If A : (X, — » G is a bounded mea- 
surable map, k € N, and T € Aut(X, /.(), let 

A,(A,T) = i£log||4||^. 
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Observe that by subadditivity of log \\A\\\dp. we have LE(A, T) < A k (A, T). 
We define the least exponent of order k of A 

A k (A)= inf A k (A,T). 

TeAut(X,y.) 

The continuity property of A k states as follows: 

Lemma 2.1. Given k e N, C > 1 and 5 > 0, there exists r\ > a> z'f/z the following 
properties: If A, B: (X, /i) — > G are measurable maps with \\AWco, ||£>||co < C and 



\\A-B\h= f \\A-B\\dn<-n 
Jx 



then 

\A k (A)-A k (B)\<o. 
Proof. Take J] = C~ k+1 5. Fix any T 6 Awf(X, /j). We can estimate pointwise 

k-l 

|log ||A fc T || - log ||B* ||| < |||4|| - ||4||| < HA* - B fc T || < C^" 1 \\B oV-Ao T\\ . 

i=0 

Dividing by k and integrating over X we obtain \A k (A, T) - A k (B, T)\ < 5. □ 

Remark 2.2. If A : X — > G is measurable and bounded, and S : (X, /j) — > 
(X', /j') is an isomorphism, it is clear that A k (A o S) = Ajt(A), because A^(A o 
S, T) = Ajt(A, SoTo S" 1 ) for every T € Aut(X, /i). 

In fact, we will prove in lemma l231 a stronger result: A; C (A) depends only 
on the push-forward measure A»/i. To prove that, we will need lemma 12.31 
below. 

In what follows I denotes the unit interval [0, 1] and m denotes Lebesgue 
measure on I or (by abuse of notation) on the square I 2 . 

Lemma 2.3. Let A : I — > G be measurable and bounded. Let n : I 2 — > I be the 

projection on the first coordinate, and consider the map 

Aon: (I 2 ,m) ^ G. 
Then A k (A 071) = A k (A)for every keN. 

The idea of the proof is to approximate n by something invertible and 
to use remark l2~2l and the continuity property from lemma l2~Tl 
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Proof. It is clear that A k (A on) < A k (A), because A k (A on,Tx id) = A k (A, T) 
for any T e Aut(I,m). Fix 5 > 0. LetT e Au£(I 2 , m) be such that A k (A o n, T) < 
A k (A o n) + 5. For n e IN, define an isomorphism P n : (I 2 , m) — > (I, m) such 
that if I c I is a dyadic interval with \I\ = 2 _,! then P n (I X I) = L Then 
the functions 7i and P„ : I 2 — > I are uniformly 2~"-close. This implies L 1 - 
convergence: 

lim \\A o P n - A o 7r||i = 0- 

Indeed, given e > there exists, by Lusin's theorem, a compact set X c I 
such that A\k is continuous and m(K c ) < a. If n is large enough then for 
every x, y e K that are 2""-close we have \\A(x) - A(y)\\ < e. Let G n = 
7Z -1 (K) n P-^X); then m(G£) < 2e. Thus 

f ||AoP f! -Ao7i||dm= f (■•■)+ f (•••)<£ + 2 £ HA|U. 

Ji 2 Jg„ Jg^, 

By lemma l2~Tl if n is sufficiently large then A k (A o P n , T) < 5 + A k (A o n). 
Let V = P n o T o P" 1 ; then A k (A, V) = A fc (A o P n , T). This shows that 
A k (A) < 5 + A k (A o n). Since 5 > is arbitrary, the lemma follows. □ 

Let us record for later use something we have proved: 

Lemma 2.4. There exists a sequence of isomorphisms P n : (I 2 ,m) — > (I,m) suc/z 
that for any measurable bounded A : I -> G w /wye ||A o P„ - A o 7r||i — » as 



Now we can state and prove the: 

Lemma 2.5. LetA,B: (X, jj) -> G be such that A, \i = B41. Then A k (A) = A k (B). 

Proof We can assume that /.i(X) = 1. By remark l2~2l we can assume that 
A and B are defined over (X, (j) - (l,m). Since A*m = B t m, by lemma lA~4l 
there is an automorphism S of the square I 2 such that Ao7i = Bo7ioS. In 
particular, A k (A o n) - A k (B o n). So, by lemma l2~3l A k (A) = A k (B). □ 



Based on lemma 12.51 we can introduce the following notation: If v is a 
finite measure in G with bounded support, and k e IN, we write 

At(v) = A k {A), 

where A : (X, y) — > G is some map, defined on some non-atomic Lebesgue 
space, such that A*/j = v. (Notice the existence of such A.) 
The map A k has the following convexity properties: 
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Lemma 2.6. Let v, V be finite measures in G, with bounded supports, and let 
t > 0. Then 

(i) A k (tv) = tA k (v); 

(ii) A k (v + V) < A k (v) + A k {V). 

Proof. The first part is obvious, so let us show the second one. Let JJ'cR 
be disjoint intervals with lengths v(G), v'(G), respectively. Take a map 
A : IuF — > G such that A*m\i - v,A*m\\> — V (where m is Lebesgue measure). 
Then (1) A k (v + v'), (2) A k (v) + A k (y'), are the infimum of A k (A, T) where T 
runs over (1) all automorphisms T € Aut(I U Y , m), (2) the automorphisms 
T such that T(I) = I, T(f) = V , respectively. □ 

2.2 An existence result 

If v is a finite measure on G with bounded support, we write 

\v\ = v(G) and ||v|U = inf{C > 1; ||A|| < C for v-a.e. A e G}, 
where ||-|| is some fixed operator norm. 

Proposition 2.7. Let C > 1, 5 > 0, and a be a 1-rich measure with ||a||c» < C. 
Then there exists k e N with the following properties: If wis a measure in G such 
that \co\ < 1 and IMU < C then 

A k (co + a) < \co\5 + \o\ log C. 

The proposition implies that given A : (X, fj) — > G, smc/j f/zai v = A*|U is 
1-rich, there exists T e Aut(X, /i) such that LE(A, T) is small. Indeed, take 5 
small. The measure a — 5v is 1-rich as well, so we can apply the proposition 
to a) = (1 - S)v. 

The fact that k depends uniformly on co, provided IMU < C, will be 
important in the proof of theorem^ 

For the reader's convenience, we will give an informal sketch of the 
proof: 

• We first deal with the case where co is a Dirac measure on some 
hyperbolic H € G. We use 1-richness of a and the abstract lemma lA~4l 
to find products of length 2 that send the expanding direction of H 
exactly to the contracting one. Then we construct a dynamics so that 
orbits spend a long time in the (hyperbolic) cy-part of the space, then 
spend two iterates in the a-part, then return to the cu-part. This makes 
A k (co + o) small for k large enough. 
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• To reduce the general case to the previous one, we (essentially) ap- 
proximate a given co by a linear combination of Dirac measures, and 
use lemmas l2.1l and l2~6l 

Given a matrix H e G, denote by p(H) e [1, oo) its spectral radius. (That 
is, p(H) = max(|Ai|, IA2I) if M, A2 are the eigenvalues of H.) 

Proof of proposition \2.7\ Definition ofk: Given C > 1 and 5 > 0, there is £q € N 
with the following properties: If H, R e G are matrices such that 

• ||H|| < C, ||R|| < C 2 ; 

• H is a hyperbolic matrix and moreover p(H) > e 5 ^ 4 ; 

• R(e") = e s , where e" and e s 6 P 1 denote respectively the expanding 
and contracting eigendirections of H; 

then the matrix RH £ is elliptic for every I > £q. To prove this fact, take a 

basis {v 11 , u s } of unit eigenvectors of H. In this basis, R becomes |jj ^j. The 

angle between v u and v s cannot be too small, hence we can give bounds 
to b, c, d depending only on C and 5. Then |trRH^| = \d\p(H)~ { < 2 for 
sufficiently large I. 

Given the 1-rich measure a with | \o\ |«, < C, let k > be as in definition ll.5l 
Fix an integer 

e > max(4,2/K). 

By proposition lA.6[ there exists k' 6 IN such that if E e G is an elliptic matrix 
with ||E|| < C U2 then 

1, „_„ (£ + 2)5 v , 
-log||EP||< i— ^- Vp>/c'. 

Fix p > k' large enough so that defining k = (€ + 2)p, we have 

1 s 

- log ||H fc || < - for all H € G s.t. ||H|| < C and p(H) < e 6/4 . 

K Z. 

Let us verify that k has the stated properties. 

First case: We will first prove the proposition in the case where co is a Dirac 
measure 5h on some H e G, with ||H|| < C. We will exhibit a Lebesgue space 
(X, p.), a map A : X — > G with A*p = 5h + o, and a dynamics T e Aut(X, p) 
such that A k (A, T) < 5/2 + \a\ log C. 
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If p(H) < e ' (e.g. H is elliptic or parabolic), we simply take T = id, and 
the claim follows. 

So we assume H is a hyperbolic matrix, with p(H) > e 5 ^. Let e u and 
e s 6 P 1 be its expanding and contracting eigendirections, respectively. Since 
a is 1-rich, we have 

a * e u > xm, a -1 *e s > xm. 

There are measures 0\, a 2 <o such that xm = o\ * e" and xm — o' 1 * e"} Let 
Li c h, L 2 C / 2 be intervals with |L;| = |k = \\oi\, |/,| = J|cr|, J\C\]% = 0. 

Choose two measurable maps Aj : — > G (i - 1, 2) such that {Ai)»{m\i^) = 
\oi and (A,-)»(m|j jN i < ) = |(a— a,). By lemma lA.41 there exists an isomorphism 
S such that the following diagram commutes a.e: 

Li X I Li ^ pi 

s / , 

/A 2 (-)-V 

L 2 xl— ^L 2 

That is, for a.e. z 6 Li X I, 

(A 2 o n)(S(z)) ■ {Ax o n){z) ■ e u = e s . 

Define a convenient Lebesgue space to work on: 

X = I U (/i X I) U (J 2 X I), 

The measure fionX restricted to I, resp . /, X I, is one-, resp .two-, dimensional 
Lebesgue measure. The map A : X — > G is defined as A - H on I, A — A\ o 71 
on /1 x I, and A = A 2 o u on J 2 X I. Then A*y. — 5h + o. At last, we define 
the measure-preserving dynamical system T : X — > X. Break I into disjoint 
intervals l\, ... ,l( of equal measure m(l\) = \/£. Since l/£ < x/2, we can 
take a set Z c L\ x I with m(Z) = m(l\). Let Ui : l{ — » Z be an isomorphism. 
We define T as being the identity on 

X id = x I) \ Z) U ((/ 2 x I) \ S(Z)), 

and in the rest as 

h -> J2 -> • • • -> I* Z ^> S(Z) ^> h , 

1 Given a homomorphism /: (X,j.i) — > (Y,v) and V! < v, define a measure f/i in X by 
f = ^o/;then/»^=v, ' 
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where the unspecified arrows are translations and the isomorphism Mi are 
chosen so that T^ +2 1 j 1 is identity. 

Let us estimate A^{A, T). 

Note that 

If z eli then 

A e T +2 (z) = A{S o r^ 1 (z))A(T^ 1 (z))H f , 

with A(S o T t ~ l z)A{T t ~ l z) ■ e u = e 5 . By our choice of I, A e T +2 (z) is elliptic 
for every z e I\. In fact this holds for any z e X \ X^. Since p > k' and 
k = {£ + 2)p, we have, for any zeX \ X^, 

£logll4(z)U = (7T2^ lo SH[ A r +2 (2)Fll < \- 

On the other hand, \ j x log Hd/j < J^. log HAHd/j < \o\ log C. This shows 
that A k (A, T) < f + |a| log C, as claimed. 

General case: Now let a> be any measure satisfying the hypotheses of the 
proposition. Let l\ - [0, \o\), h - [\a\, \o\ + \co\], and A: l\ U I2 — > G be such 
that 

A^m^) = a and A*(m|/ 2 ) = co. 

Let 77 = j](/c, C, 6M/2) be given by lemma IZll 

LetB: I 2 -* G be a simple function such that 1 1 B 1 1 OT < Cand ||A|j 2 -B||i < 77. 
Extend B to I\D I2 by taking B — A on l\ . We can write 

n n 

B*m = a + V ijfiHj = (1 - M)<* + V £/(<5h, + cr), 

(=1 !=1 

where H, e G, > and L" =1 t; = M < 1. 

By lemma l2~6l and the case already considered, 

Ait(B) < (1 - |<u|)A*(a) + £ ^A fc (6 Hi + o) 

< (l - M)M log c + (Y J u) (f + M log c) 

= jM5 + |a|logC. 

Since ||A - B||i < r\, we obtain A/ C (A) < |cu|6 + |a|logC. This proves the 
proposition. □ 
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2.3 Perturbing measures 



In this subsection, we introduce a definition of closeness in the space of 
measures which is suitable to our purposes, and prove a couple of useful 
properties. 

Definition 2.8. Let V\, v 2 be measures in G with bounded support and same 
mass \v-[\ - |v 2 | = a. Given 77 > 0, we say that v\ and v 2 are r]-close if there 
exist Ai,A 2 : ([0,a],m) — > G such that (A,)*^ = v t and \\A\ - A2II1 < t]. 

We can define a distance d(vi,v 2 ) as the infimum of the 77 such that V\ 
and v 2 are 77-close in the sense above. That this is indeed a metric follows 
from the lemma below: 

Lemma 2.9. Let A: (X, \i) — > G and v = A»/x ifv is rj-close to v then there exists 
A: (X, /i) — > G swc/2 ffraf ||A - A\\ x < 77 and v = A*m. 

Proof. Without loss of generality we assume |v| = 1, and moreover, (X, /j) = 
(I, m). By assumption, there are A\,Ai'. I — > G such that (Ai)*m = v, 
(A 2 )*m = v, and 77' = 77 — \\A X - A 2 \h > 0. 

By lemma lA!4l there exists S € Aut(I 2 , m) such that and Ai07zoS = Ao7i 
a.e. Let P n : I 2 ^ I be given by lemma 12.41 and choose n e N so that 
||A o 7i - A o P„||i < 77'. Define A = A 2 o 71 o S o P" 1 . Then A>m = v and 



||A - Alb = ||A o P„ - A o P B ||! = ||A 2 o 7i o S - A o P„|| a < 
< ||A 2 oTioS-AiOTio S||i + ||A o 7i - A o P,,!!! < ||A 2 - A1H1 + 17' = )]. 



We will also need the following: 

Lemma 2.10. Let A : (X, /j) — > G, v = A*/j and a < v. Then for every 77 > fftere 
ex^s^s a measurable setY c X suc/z i/iaf A t ( l u|y) is r\-close to a. 

Proof. There is no loss of generality in assuming that |/j| = |v| = 1. So we 
can also assume that (X, = (I, m). Let /: G — > I be the Radon-Nikodym 
derivative Define Y = {(x,t) eXxI; < t < foA(x)}. LetP„: Xxl X 
be as in lemma l2~4l with n e N large enough so that | |A o 71 - A o P„| |j < 77. Let 
y = Pn(*b). ThenA»(^| y ) = (AoP„),(( f iX777)|y )is77-closeto(Ao7T)*((^xm)| Yo ). 
The later measure equals a. Indeed, 



□ 



((A o 7i).(Qi x m)| Yo ))(Z) = Qi X m)(Y n tt-^A-^Z))) 




for any measurable Z c G. 



□ 
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2.4 Towers and convolutions 



In this subsection we show that convolution measures can be approximately 
obtained in a dynamical way in the following sense: 

Lemma 2.11. Let A : I — > G be bounded and v = A*m. Given NeN and n > 
there exists F e Aut (I, m) and a set Z c I such that F N = id, the sets Z, F(Z), . . . , 
F N ~ 1 (Z) are disjoint, and the measure (A^ )*(m\z) is rj-close to ^v* N . 

Proof. If N - 1 there is nothing to prove; assume N > 2. Let us first consider 
the case where A has a special form, namely there isM 6 N such that A 
restricted to each interval L = [4j, 4^), j = 1, . . .,M, is constant, say equal 



to Aj. Then 



M 



v - tt T" 1 §a and v* N = —^77 y 5a -a • 
M*—i i M N ' N h 

;'=1 je|l,...,M| N 

Break each interval Ij into NM N_1 disjoint intervals of equal length, L^, 
k-1,..., NM N_1 . Take a bijection 

{l,...,N}x{l,...,M} N ^{l,...,M}x{l,...,NM N - 1 } 

of the form (j, j) m> (/,, j)), where j = . . . , ;'n)- 

Write = Iji,k(i,))} then {/^j}^ is a partition of I. Define F: I — > I by 
mapping each /i j to /as, /2,j to J^p . . . , and J^j to ]\ \ by translations. 

Let 

2= U 'y- 

je{l,...,M} N 

Then Z, F(Z), . . . , F N -!(Z) are disjoint and {A™)*{m\ z ) = ^v* N . 
General case: Given any bounded A: I — » G, define C = H-AH^, and assume 
that N € N and /] > are arbitrarily chosen. Let A : I — > G be a bounded 
simple function which is e{C,N,r\) — L 1 -close to A and such that A has M 
level sets, all with the same measure 1/M; where M is some integer and 
e(C, N, j]) will be defined later. 

Take S € Aut(l, m) that maps these level sets to intervals, so A — A o S 
falls in the later case. Accordingly there exist F e Aut(l, m) and a set Zcl 
such that Z, F(Z), . . . , F N ~ l {Z) are disjoint and {A%{m\ 2 ) = jj(A,my N '. 

Let F = S" 1 o F o S and Z = S~ l {Z). Then (A*)„(m| z ) = ^(A»m)* N . From 
point 2 of the proof of lemma l2~Tl we see that e(C, N, 7]) can be chosen so that 
the e(C, N, r\) - L 1 closeness of A and A implies that (A*m)* N and (A*m)* N are 
7]/2-close (in the sense of definition l2.8l l as well as (A^ )*(m\z) and (A^ )*(m|z). 
This concludes the proof. □ 
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2.5 End of the proof 

An interval permutation of rank M is an automorphism T € Aut(I,m) which 

sends each interval of the form j - 0, 1, . . . , M - 1, onto another by 

an ordinary translation. We call T cyclic if the induced permutation of the 
intervals is cyclic. We are going to use the following fact: 

Theorem 2.12 (Halmos). Cyclic interval permutations are dense in Aut(I, m), 
in the weak topology. 

For the proof, see Halmos |H, p. 65], or IAP1 lemmas 6.4 and 3.2]. 

Proof of theorem^ Since we are working in the measurable category we can 
assume that X is the unit interval I and /J is the Lebesgue measure on it. 

Suppose A : I — > G is such that v = A*m is rich. Due to proposition lA.2l 
we only have to show that given T e Aut(l, m) and 5 > 0, there exists f € 
Aut(I, m) arbitrarily close to T in the weak topology such that LE(A, t) < 5. 

So let T and 6, and also an arbitrary e > 0. By theorem 12.121 we can 
assume that T is a cyclic interval permutation and assume its rank M satisfies 
M > 4/e. Let N be such that v* N is 1-rich. 

Before going into the details of the proof let us sketch how we will obtain 
the perturbation f that will actually satisfy m[T + T] < e. The perturbation 
is done in two steps. In the first one, we will use richness of the measure 
v to produce a map T% that is close to T and that has two cyclic towers: (1) 
a (big) cyclic tower of height M that fills most of the space and that comes 
from the original tower of T; (2) a (small) cyclic tower of height N such that 
the push forward of the measure on its base by the product of A's along its 
N levels is a measure close to a 1-rich one, namely o/N, where a = e'v* N and 
e' is small. (Actually, there is a third invariant set that can be disregarded 
because it has small measure.) 

Let W be the union of the basis of the big and the small tower. Then we 
consider the first return on the set W: we obtain a derived cocycle over W 
with identity for dynamics and a matrix map A such that A*(m\w) contains 
a part that is close to o/N. 

Here we pass to the second step and perturb T\ to f , keeping the two 
towers above W invariant but modifying the first return map to a map S so 
that the Lyapunov exponent LE(A, S) of the derived cocycle becomes small 
(this is done by taking f equal to T\ except on T~ l ]N with nevertheless 
f T" 1 W = W). Since U„ e z T n W = \J neZ T^W has almost full measure, the 
latter implies smallness of LE(A, T). The map T that we obtain is close to T\ 
since we only modify the dynamics on T^W. 
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To understand how the map S is obtained, replace for a moment A*(m\w) 
by a map A such that A*(m\w) contains o/N so that proposition l2.7l applies 
and identity on W can be replaced by a dynamics that reduces A\(A, S) close 
to zero (for some k that depends on o/N). Now, the fact that k depends only 
on the 1-rich part of the measure and a careful choice of quantifiers allow 
to use the continuity of and derive the same conclusion for A instead of 
A. Now we give the exact proof. 

Let C = IIAHoo and 

e' = min(e/(4M),6/(MlogQ) . 

Let a = e'v* N . We will use that the measure o/N is 1-rich. Let k = 
k{o/N,b,C M ) be given by proposition O and let rj = i](k, 5, C max(M ' N) ) be 
given by lemma l2~Tl 

Using lemma I2.11I we find F € Aut(I, m) such that F N = id, and a set 
Z c I such that Z,. . . , F N " 1 (Z) are disjoint and (A™)*(m\ z ) is j]-close to ^v* N . 
By lemma l2~10l there exists a set Y c Z such that (A^)*(m|y) is 7]-close to jjo 
(from definition l2.8l this requires that ra(Y) = \o\/N). 

Let 7~f = U/^o 1 this set is an F-tower of height N, and has small 
measure: 

m(T F ) = Nm(Y) = \o\ < e' . 

Let T T = fl^o 1 T^(7"|). This set has almost full measure: m(T£) < 
Mm(7~F) < Me' < e/4. It is also invariant by T (since T M - id) and we can 
write it as a T-tower of height M over I n Tj where I is any interval of the 
cyclic permutation T. 

Consider a first perturbation of T: 

(T(x) ifxeT T/ 
T t (x) = ] F(x) if x € T F , 
yx otherwise. 

Then Tj and 7p are two disjoint invariant towers for T\ with heights M and 
N respectively, and basis InTr and Y respectively. We define T - Tt U 7~f , 
and W = (J n TV) U Y. 

The first-return map of T\ to W is the identity. The return-time function 
is nyy(x) - M for x e I n Tj and nw(x) = N for x e Y. Hence we define on W 
the following map: 

. fA^(x) ifxelnTr, 
A(x) - { { T 

\A™(x) if x 6 Y. 
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Because (Ap)»(m|y) and a/N are 77-close, lemma l2~9l gives a map A: Y — > 
G such that A(m| Y ) = a/N and HA-A^IyIIx < ??. LetB: W -> G be such that 



(A^(x) if x e I n T" T/ 
\A(x) ifxeY. 



By proposition l2.71 since we took = k(a/N, 6, C M ), we get 

At(fl) = A*(&Mw)) = Ak((^(m|rn7- T ) + < ^ + § logC M < 26. 

Since ||A - % < 2j], with 77 = r](fc, 6, C max ( M ' N )), we conclude by lemma l2~Tl 

A k (A) < 36. 

This means that there exists an automorphism S : W — > W such that 
A k (A, S) < 36, and consequently EE(A, S) < 36. 
Finally we define f on I: 



T( x ) = l S{Tl{x)) if ^ 6T i _1 ( W )' 
|Ti(x) otherwise. 



The set T - Tj U Tp is still invariant by T, the return time to the set W is 
still the function n^as for T\ and the products of matrices above W before 
the first return are still given by A. But the first return map to W by f is 
now S. Hence, by proposition lA.il we have LE(A\j-, TV) = EE(A, S). 

Recall that m(T c ) < m(T^) < Me' and that we took e' < 6/(M log C), 
therefore 

EE(A, f) = EE(A, S) + LE(A|t- c , t\ T c) < 46. 

We have 

m[t ±T]< m[T + Ti] + m\T x + T] < m(W) + m(Tj) < ^ + + | < e, 
as required. □ 

3 Applying theorem H] 

3.1 Proof of the richness criterium 

Before deriving any consequences of theorem^ we have to prove proposi- 
tionP 
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Let us (temporarily) call a measure v N-f-rich if there is k > such that 
v* N *v> xm for every v € P 1 . (The difference, compared to definition II .51 
is that we only consider forward iterates.) We call vf-rich if it is N-f-rich for 
some N. 

In this paragraph, M denotes a compact manifold, int M — M\ dM, and 
y. is a smooth volume measure on M. 

The following lemma essentially reduces the problem of proving rich- 
ness to a one-dimensional case: 

Lemma 3.1. Let A: M -> G be a C 1 map. Let {: [-2,2] -> intM be a C 1 
embedded arc. Assume that for any v e P 1 , 

and 

j^[A(4(t))-t>]*0 Vie [-2,2]. 

T/zen is I- f -rich. 

Proof. Consider a (normal) tubular neighborhood (map) of the arc 

S: [-2,2] xD J_1 -> M 

such that S(f,0) = (D rf_1 denotes the open unit ball in R d_1 .) For 

< 5 < 1 and ;' = 1,2, let ll[ = H ([-/,;'] x <5B rf_1 ). We are going to show 
that for sufficiently small 5 > there exists k > such that 

— — -(w) > k Vv, w e P 1 . (2) 

We push the euclidian metric in R d forward by the C 1 -diffeo H, and without 
loss, assume that [l\y2 is the Riemannian volume induced by that metric. In 
the new metric, we have ||£'(f)ll = 1. 

For convenience of notation, let v, w e P 1 be fixed. Let F: M — > P 1 be 
given by F(x) = A(x) ■ v. Let {tj < . . . < t k } = {t e [-1, 1]; F(£(t)) = zu}. Let 

c IZ^ be the connected component of F~ l {w) n l/^ that contains £(f;)- 
From the assumption, F has no critical points on a neighborhood of the are 
£([-2, 2]). So, for small 6, is a (rf - l)-submanifold. We have 

d ( F *Wu$) r _doix L> ^ r Mx) 

dm P i J F - Hw) nul IIVFWII ~ J D? ||VF(x)|| ' 
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where a is Riemannian (d - l)-dimensional volume. Using that o{D i ) > 
a(5D d " 1 ) and that ||VF|| is bounded, we have 



X 



d ° {x) ^ + 0(5«)>C6^ + 0(6«), 



D a ||VF(x)|| WF)Wi))\\ 

for some C > 0. All bounds are uniform in v and w, hence we can find a 
small 5 so that © holds. □ 

In what follows, we denote: 

( cos 6 - sin 



R 



o 



sin v cos i 



Remark 3.2. For each F £ (-2, 2), the set of A e G such that tr A = F consists 
on two G-conjugacy classes, namely \LRqL~ 1 ; L e G| and {LR_qL~ 1 ; L e G}, 
for a certain € (0, n). (Note also that the set consists on a single GL(2, R)- 
conjugacy class.) If A and B are two elliptic matrices in the same G-conjugacy 
class then there exists an unique L of the form 

L = (n withfl>0, (3) 



1° a 

such that B = LAL' 1 . 

Next we prove the following special case of proposition ll.6l 

Lemma 3.3. Let A: M — > G be a C 1 map. Assume there exists a point p e M 
such that A(p) is elliptic and tr A is not locally constant at p. Then A*p isf-rich. 

Proof. We can assume that p e int M and that (Vtr A)(p) ^ 0. Let£: [-2,2] -> 
intM be an embedded C 1 path such that £(0) = p and 

|trA(£)|<2 and ^trA(Z(t))±0 Vf. 
dt 

Let 0(t) = arccos(itrA(£(f))). Then 9(t) is a C 1 function with 0'(f) * 
for all f. For each f there exists L(£) e G such that A(£(f)) equals either 
L(i) J Re(f)L(f)~ 1 or L(t)R_ g ^L(t)~ 1 (see remark l3~2l . By continuity, the same 
alternative, say the first, occurs for all t e [-2,2]. Besides, we can choose 
L(t) so that L : [-2, 2] -> G is a C 1 map. 

For N € N, we have A(£(f)) N = L(0RNe(f) L (0 _1 • It is easy to see that if N 
is large enough then for any peP 1 , 

{A(Z(t)) N ■ -0) t e [-1, 1]) = P 1 and ^ (A(f (t)) N -vjtOVte [-2, 2]. 
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Next define 

M = M N = M x • • • x M, 
. p = ^ = fj x ■ • ■ x p, (4) 
A : M -> G by A(x lt ...,x N )= A{x x ) ■ ■ ■ A(x N ), 

and|: [-2,2] -> intMbyl(t) = (£(f), . . . , £,(t)). Applying lemmaHHto these 
data, we obtain that A*p - (A*p)* N is 1-f-rich, that is, A*p is N-f-rich. □ 

For the last part, we will need the following property about traces: 

Lemma 3.4. Let A,BeGbe elliptic matrices that are conjugate via a matrix in G. 
Then 

tr AB < trA 2 , 
with equality if and only if A - B. 

The reader may check the lemma would be false had we assumed only 
that the elliptic matrices have the same trace. 

Proof. Write B = LAL' 1 , with L e G. We can assume that A — Rg and L is 
given by Of course, sin 0^0. Direct calculation gives 

tr AB = 2 - (2 + a 2 + a' 2 + b 2 )sin 2 Q < 2 - 4sin 2 6 = trA 2 , 

with equality if and only if a = 1 and b - 0. □ 

Now we conclude the: 

Proof o f proposition II . 61 It clearly suffices to show that A»/j is f-rich. 

Let M, (U, and A be as in © with /c in the place of N. Let also p = 
(pi, . . . ,pk)- By assumption, A(p) is elliptic and A is not locally constant at 
peM. 

If trA is not locally constant at p in M then, by lemma l33l A*p, = {A*p)* k 
is f-rich, and therefore so is A*/i. 

Assume then that trA is constant at a neighborhood of p in M. By 
continuity, all A(x), with x. close to p, belong to a same G-conjugacy class 
(see remark l3!2l . Consider 

M = M x M, p. = p. X p, p = (p, p), and A(xx, x 2 ) = A(f !)A(x 2 ). 

Then trA is not locally constant at p € M. (Otherwise, by lemma l3~4l A 
would be locally constant at p.) Applying lemma [33] to A we get that A»p 
is 2/c-f-rich. □ 



24 



3.2 Proof of theorem|U 



We will need the following: 

Lemma 3.5. Let EcGkfl compact connected set. Assume that there is no closed 
interval I £ F 1 such that A ■ I c I for every A e E. Then there are A\, . . . , A n e E 
such that Ai • • • A n is elliptic. 

Proof. We claim that there is no £ N such that for all v, w e P 1 , there exist 
A\, . . .,A„ e E such that Ai ■ • ■ A nQ v - w. 

Indeed, fix any matrix Aq 6 E, and let v$ e P 1 be such that AqVq - Vq. 
Let I n c P 1 be the set of directions A\ ■ ■ ■ A n {v$), with A, € E. Since E is 
connected, each I„ is an interval or the circle. Also, I n C l n +\, because vo is 
invariant by a matrix in E. Let us see that l ni = P 1 for some n\. Assume 
the contrary, and let I = {J n I n - We have A (J) c J for all A. Since we are 
assuming E has no invariant interval, we must have I = P 1 . Therefore 
I = P 1 \ {z} for some z. By the same assumption, there must be A 6 E such 
that A(z) + z. Then A _1 (z) 6 I and so there must exist A\, . . . , A n such that 
Ai • • ■ A„{vq) — A _1 (z). But this implies z € I, a contradiction. 

We have shown that there is n\ such that for any w there is a product 
of length ni which sends Vq to The same reasoning applied to the set 
E -1 (which does not have an invariant interval as well) gives that there is 
H2 such that for any v there is a product of length n^ sending v to Vq. Let 
no = n\ + «2- The claim is proved. 

Next we construct an elliptic product. Fix any A 6 E, A + id. If A is 
elliptic, we are done. 

If A is hyperbolic, let e" and e s be its respectively expanding and con- 
tracting eigenvectors. Let B be a product such that B(e") € Re s . Then a 
calculation shows that trA"B — > as n — > oo, so there exists an elliptic 
product. 

If A is parabolic then, relative to some basis [e\, e^\, 



Then |tr A n B\ - \pcn + d\ — > oo as n — > oo. This shows that E has a hyperbolic 
product. Then we can repeat the previous reasoning and find an elliptic 




Let B be a product such that Be\ e Ke2- Write 




product. 



□ 
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Remark 3.6. We ignore how to extend lemma 1531 to non-connected sets E, 
and that is why we are unable to answer question ll.81 

We are ready now to give the: 

Proof of theorem^ If the function A is constant then the first case holds if A 
is hyperbolic or parabolic, and the second case holds if A is elliptic. So we 
can assume A is not constant. 

Assume the first case does not hold. Applying lemma 13.51 to E = 
{A(x); x e X}, we conclude that there isneN such that the function 

(x 1 ,...,x n )eX n h> A(x n )---A(xt) 

assumes an elliptic value. This function is not constant and X" is con- 
nected, so proposition ll.6l applies and the exponent vanishes generically by 
theorem^ □ 



3.3 Addendum to theorem |2] and proof of corollary |3] 

We study how the Lyapunov exponent depends on T if the first alternative 
in theorem|2|holds. There are two initial possibilities: 

(1.1) There is an invariant point (i.e. 3 Vo € P 1 s.t. A(x) • Vq — Vq Vx g X). 

(1.2) There is no invariant point. 

In case (i.2), consider an invariant closed interval I. We further subdivide 
case (i.2) into cases (i.2.1), (i.2.2), and (i.2.3) according to whether A(x)- 1 c 1° 
for none, some but not all, or all x e X, respectively. (Notice that the case in 
which A falls may depend on the choice of I.) 

Proposition 3.7 (Addendum to theorem |2). Each case has the corresponding 
consequence as below: 

(i.l) => There is A > such that LE(A, T) = A for all T e Aut(X, /i). 
(i.2.1) => LE(A, T) > Ofor all ergodic T e Aut(X, y). 
(12.2) => There is A > such that LE(A, T) > A for all T e Aut(X, y). 
(i.2.3) => The set A(X) c G is uniformly hyperbolic (see definition \1.14t . so (A, T) 
is uniformly hyperbolic for all T e Aut(X, y). 

Proof. In case (i.l) we have 
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Next recall some facts about the Hilbert metric. That is a Riemannian 
metric d on 1° with the property that if B e G satisfies B(I) c I then there 
exists tb > 1 such that 

d(B(x), B{y)) < zfd{x, y) Sx, yeF. 

Besides, if B(I) c 1° then Tg > 1. Using these facts, it is not hard to prove the 
remaining assertions in the proposition. □ 

Proof of corollary^ For an open and dense set of A e C(X,G), (i) implies 
(i.2.3). □ 



4 More consequences: the continuous case 

In this section X will denote a C 1 -smooth compact connected manifold, 
possibly with boundary, of dimension d > 2, and y, will denote a smooth 
volume measure. 



4.1 Notations and tools 

Here we collect some results from the book |APJ that we will use in the 
proof of theorem|4| 

Let d be a metric in the manifold X. The uniform topology on Homeo(X, p.) 
is determined by the metric d(T, f) - sup T6X d(T(x), f(x)). If T or T (or both) 
are not in Homeo(X, p) but in Aut(X, p) then the distance above should be 
considered with essential supremum instead of sup. 

In the proof of theoremUJ we will make a non-continuous perturbation 
of the given homeomorphism, and then perturb again to get a homeomor- 
phism. For that last step we will need Alpern's |A2| volume-preserving 
version of Lusin theorem: 

Theorem 4.1 (Theorem 10.2 from I API). Let T e Homeo(X, y) and e > 0. 
Then there exists 5 > with the following properties: Given S e Aut(X, (j), with 
d(S, T) < 5 and a weak neighborhood *W ofS, there exists S e Homeo(X, /,(), which 
equals T in the boundary ofX, and satisfies S e 'W and d(S, T) < e. 

The following result permits us to carry some geometry from the cube 
(I d , m) to the manifold (X, (In fact, the proof of theoremHJwould become 
slightly easier if (X, /j) = (I d , m).) 

Theorem 4.2 (Theorem 9.6 from | AP |). There exists a continuous map O : I d —> 
X, called a Brown map, such that: 
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1. O is onto; 

2. 0|i nt jd is a homeomorphism of the interior ofl d onto its image; 

3. ®(dl d ) is a closed nowhere dense set, disjoint from 0(intl rf ); 

4. 0*m = p. 

For m € N, consider the partition mod of the cube l d into 2 dm cubes 
of size 2~ m . The images of those cubes by the Brown map O form a mod 
partition of X. Let us indicate this partition by P m and call its elements 
cubes as well. An automorphism S e Aut(X, p) such that the image of a cube 
in P m is mod a cube in P m will be called a generalized cube exchange map. If 
additionally the map <J> _1 SO sends cubes into cubes by translations of lR d , 
we call S a cube exchange map. 

A generalized cube exchange map induces a permutation of the set 
!P m of cubes. We express the permutation as a product of disjoint cycles; 
corresponding to each cycle there is an S-invariant subset of M, that we call 
a cyclic tower. 

An important perturbation result due to Lax | L | is the following: 

Theorem 4.3 (Theorem 3.1 from I API). Let T e Homeo(I d ,m). Then for any 
5 > there is a cube exchange P such that d(P, T) < 5. 

In fact, it was shown by Alpern [A1J that we can take P in Lax theorem 
with a single cycle tower. To show that he used the lemma below (which 
we will also employ with a slightly different purpose): 

Lemma 4.4 (Lemma 3.2 from | API). Given any permutation a of N - {1,...,N}, 
there is a cyclic permutation a of N such that \d(j) - o(j)\ < 2 for all j € N. 

4.2 Proof of theorem U 

The proof has three steps: 

1. We take a fine partition P m of X and approximate the given T by a 
generalized cube exchange map S4. This approximation is taken with 
the following additional properties: 

• S4 equals T in the (periodic) T-orbit of p (above which there is 
the elliptic product) and is C 1 in a neighborhood of it; 

• S4 has two cyclic cube towers, the smaller of them consisting of 
the n cubes that intersect the orbit of p. 
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2. Using theorem^ we change S4 in a set of small diameter to make the 
Lyapunov exponent vanish. The new map S5 is still uniformly close 
to T. 

3. Theorem l4.1l provides a homeomorphism t weakly close to S4, which 
by semicontinuity will have small exponent. 

We precise now these three steps. Let T, A, and p be as in the state- 
ment, and let e > 0. Let 6 = 6(T, e) be given by theorem 14.11 Let 
0(p) — {p, Tp, . . . , T' I_1 p}. Without loss of generality, we assume that the 
minimum distance between different points in 0(p) is greater than 6. 

Let O be the Brown map given by theorem 14.21 We can assume that 
0(p) n 0(<9l d ) = and, moreover, that 0(p) does not intersect the cube 
boundaries, for any of the partitions !P m . 

Step 1. Lax theorem l4.3l provides a cube exchange Si of rank m such that 
d(S\, T) < 6/10. We assume that the rank is high enough so the diameter of 
the cubes (in X) is less than 6/10. The partition into cubes is fixed from now 
on. 

Let Cj be the cube that contains T'p, for i e 7L n . Let H be the cube 
exchange that permutes each Si(Q) with Q+i, and fixes the other cubes. Let 
S2 = H o Si; then S2 has a cyclic tower which contains 0(p) and d(S2, Si) < 
36/10. 

Next number all cubes from 'Pm in such a way that consecutive cubes 
share a common face. Then delete the n cubes Q and monotonically renum- 
ber the remaining cubes, say as C. Since distinct C, cubes do not share a 
common face, we have that if \j — k\ < 2 then the diameter of C U C' k is 
less than 36/10. Applying the combinatorial lemma l4~4l we find a cube 
exchange S3 which is 36/10-close to S2, cyclically permutes the C- cubes 
and still satisfies S2(Q) = Q+j. 

Take open neighborhoods Uj 3 Vp with Ui c int Q such that there are 
volume-preserving C^diffeomorphisms fi : Uj — > Ji !+ i satisfying fi(T'p) = 
T t+1 p. Since Q \ Ui and Q+i \ Ui+i are Lebesgue spaces with the same 
measure, we can extend each /; to a volume-preserving map Q — > Q+i. 
Changing S3 inside the Q cubes according to those maps, 2 we obtain S4 € 
Aut(X, 11) with d(S 4 , T) < 86/10. 

2 This last step would be simpler if the Brown map <D happened to be C 1 . 
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Step 2. The generalized cube exchange S4 obtained above has two cyclic 
towers that cover all X. We select the cubes Q 3 p and as bases of those 
towers. We can assume that C\ and share a common face. Let W = CoL)C' ; 

then diam W < 26/10. Consider the cocycle (U, A) - ((S^WfAs^w) induced 
by S4 on W. 

The measure A*(p\w) > (As 4 )"( / u|q) is rich, by proposition [L6j So the- 
orem^yields a measurable dynamics U: W — > W such that LE(A, U) — 0. 
Let S5 e Aut(X, p) be given by 



By proposition lA.li we have LE(A, S5) = 0. Moreover, rf(Ss, T) < 5. 

Step 3. By semicontinuity of the Lyapunov exponent (proposition IA.2II . 
there is a weak neighborhood 'W c Aut(X, p.) of S5 such that LE(A, •) < e on 
f W. Theorem l4.1l then gives some f € "WnHomeoiX, y.) such that d(T, T) < e. 
This concludes the proof. 

Remark 4.5. Notice we haven't used the full strength of theorem^ but the 
mere fact that if A t y is rich then there exists some T € Aut(X, /.() for which 
LE(A, T) is small. 

4.3 Proof of theorem |5] 

It is interesting to mention that the following (apparently) stronger form of 
theorem[4]holds: 

Theorem 8. Given T € Homeo(X, (j.) and £ > 0, there exists b > with the 
following properties: Eet A € C^X^) and assume there exists a periodic 5- 
pseudo-orbit (xq, . . . ,x n -\,x n - Xo)for T such that: 

• A(x„-i) ■ ■ ■ A{xq) is elliptic; 

• A is not locally constant at at least one of the points X{. 

Then there exists T e Homeo(X, p) e-C° -close to T such that LE(A, f) is arbitrarily 
close to zero. 

Theorem[8]is actually a corollary of theorem^ Indeed, given a periodic 
5-pseudo-orbit (xo, . . . , x n -\, x n = xq) for T, there exists a perturbation f 
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of F such that F(x;) = Xi+\ for i = 0, ...,n- 1. (This follows from |AP, 
theorem 2.4], for instance.) 

We are going to use the following result due to Avila. Recall Rg denotes 
the rotation of angle 6, and p(-) denotes spectral radius. 

Lemma 4.6 (Lemma 2 from | For eyery neN and Aq,. . . ,An-i £ G, there 
is e R smc/j £/ifl£ 

C 

RgA n _i • • • RqA\RqAq is elliptic and \0\ < — log p{A n -\ ■ ■ - Aq), 
where C > is some constant. 

Proof of theorem® By proposition IA.71 it suffices to prove that the set of 
(A, F) such that either (A, F) is uniformly hyperbolic or LE(A, F) - is 
generic in C(X, G) x Homeo(X, jj). The uniformly hyperbolic cocycles (A, T) 
form an open set. Also, the function 

LE : C(X, G) x Homeo(X, p) -> R 

is an upper semicontinuous function. So to prove the theorem, we have to 
show that if (A, T) is not uniformly hyperbolic then for every e > there 
exist A C-close to A and f C°-close to T such that LE(A, T) < e. 

Fix e > and a cocycle (A, T) which is not uniformly hyperbolic. Making 
a C-perturbation if necessary, we can assume that A is nowhere locally 
constant. 

Let 5 > be given by theorem [8J Because F preserves volume, there 
is some Eq € N such that for every pair of points y, x e X there exists a 
5-pseudo-orbit (yo, y\,...,yt) for F, such that i < £q, yo = y, and yc - x. 

Since (A, T) isn't uniformly hyperbolic, there exist arbitrarily large n € N 
and x £ M such that ||A£(x)|| < (1 + b) n . Fix « and x with n > £q/5. 

By concatenation we obtain a 6-pseudo-orbit (xq, X\, . . . , of length 
n + t < n + £q with xq = x n+ i - x and such that 

||A(w-i)---A(xo)||<||A||i(l + 6f. 

According to lemma l4~6l there exists 9 with \6\ < const.6 such that 

A(x n+f _ 1 )R • ■ ■ A(x 1 )R g A(x )R e 

is an elliptic matrix. So theorem [8] applies to the C -perturbation A = ARg 
of A, showing that there exist f <5-C°-close to F such that LE(A, T) is as small 
as we want. □ 
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5 The discrete case. Questions 

In this section we prove theorem|7|and, in § 15.31 we pose related problems. 
5.1 Preparation 

Uniformly hyperbolic sets, elliptic products. The set of E e G N which 
are uniformly hyperbolic is open in G N , see | Y|. In fact, we will use the fol- 
lowing result, which is indeed an immediate corollary of Avila's lemma l4!6l 

Theorem 5.1 (Proposition 6 in | Y|). There is an open and dense subset Hq c G n 
such that ifJLe'RQ then either E is uniformly hyperbolic or there is an elliptic 
matrix in the semigroup (E) generated by E. 

Liouville pairs. Recall that p denotes the spectral radius. 

Definition 5.2. Let i/>: N — > N, with lim,,^ \p(n) - oo. If R and H belong 
to G, we say that the pair (R, H) is i/^-Liouville if R is elliptic and 

liminf — |— log p(R n H^ n A = 0. 
n->+co ip(n) v ' 

Notice that if H is not hyperbolic then, for any ip, (R, H) is i/^-Liouville 
for every elliptic R. 

Lemma 5.3. Given any i/>: N —> N with lim^oo xp(n) = oo, let *R be the set of 
(R, H) € G 2 such that R is not elliptic or (R, H) is xp-Liouville. Then H is a residual 
subset o/G 2 . 

Proof. Let G e ii be the subset of G formed by elliptic matrices, and let XcG 2 
be the set of t/^-Liouville pairs. We have £, = n m >i, £ >o U m/£ , where 

U m , e = |(R,H) £ G eU x G; 3n > m s.t. ^ log p(R n H^) < e 

Each U nirt is open and we have to show it is dense in G e n x G. Given 
(R, H) e G e n x G, with H hyperbolic, take a basis of R 2 such that we can 
write 

Ho a°4 iai>i - 

Arbitrarily close to R, there is an elliptic matrix R such that R"(l, 0) € IR(0, 1) 
for some n>m, that we can choose satisfying 1 < e £ ^ n \ Hence 

cA-W \ 



R n = 



and R"H^ n) = 
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If n is chosen large enough we have 



|trR n H^ (n) | = \d\\A\-^ n) < Const- ||R|| \\\~^ n) < 2. 
Therefore p(R n H^) = 1 < e £ ^"\ that is, (R, H) e U m , e . □ 

Monomials. Let N = [1,2,..., N}. To every word (h, . . . , kg) e N e , I > 1, 
we can associate a map F: G N — > G,(Ai,...,An) h» ---A^, which is 
called a monomial. For each z € A/, let us write 



m 



(F) = #{je[l,...,£}; kj = i), 



that is, the number of appearances of the letter A\ in the monomial F. Let us 
call two monomials F\,Fi: G N — > G independent if the vectors (m i (F\ ),.. . ,mjsi(F 
and (mi(F2), ... , m^{Fj)) e R N are non-collinear. 

Lemma 5.4. Lei F\,F2: G N — > G be independent monomials, and let F - 
(F1/F2): G N — > G 2 . Then for every residual subset R ofG 2 , the set F _1 (R) is 
residual in G N . 

Proof. Let C c G N be the set of critical points of F. We will show that C has 
empty interior. That implies the lemma, because F restricted to the open 
dense set G N \ C is an open map. 

The derivative of F at (id, ... , id) is easily computed; it is: 



(«!,..., «n) es/(2,R) N (-> 



f N N \ 

2 



V 1=1 ! = 1 



es/(2,Rr. 



Due to the independence assumption, DF(id, ... , id) is surjective, that is, 
(id, . . . ,id) C. Assume C has an interior point x. Consider a real-analytic 
path [0, 1] — > G N from x to (z'd, . . .,id). Bearing in mind that C is the zero-set 
of some real-analytic function, we reach a contradiction. □ 



5.2 Proof of theorem |7| 

In all the proof we fix the function ip(n) — n. 

First we define the residual set *R c G N for which we will prove the con- 
clusion of the theorem. Given two independent monomials Fi,F2: G N — > G, 
let K(F lr F 2 ) be the set of all £ e G N such that 

Fi(L) is not elliptic or (Fi(£),F2(I,)) is i/^-Liouville. 
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By Iemmas l53l and l5!4l ^(Fi, F2) is a residual subset of G N . Take the intersec- 
tion over all independent pairs F\, F2 and call it %\. Finally, let % - Rq n %\, 
where %) is the set from theorem l5.ll 

From now on fix some E e "R. If E is uniformly hyperbolic, there is 
nothing to do. In the other case, since E € 'Rq, there is a monomial Fj such 
that R — Fi(E) is elliptic. Fi will be fixed from now on. By construction, 
(Fi(E), F2(E)) is i^-Liouville for every monomial F2 which is independent 
from Fi . 

Let A : X — > E be a measurable function such that every matrix in E is 
attained on a positive measure set of X. As usual, we assume X is the unit 
interval I. We can also suppose there is a partition I = l\ U • • • U 1^ into 
intervals such that A\j i - A{, where E = [A\, ... , A^). 

Now let T : I — > I be any given automorphism. We will explain how to 
perturb T in the weak topology to make the exponent small. By proposi- 
tion lA.21 this will conclude the proof. 

Using theorem 12.121 we may begin with T equal to a cyclic interval 
permutation of some arbitrarily high rank M. 

We will of course perturb T further, but will work only with automor- 
phisms that are (not necessarily cyclic) interval permutations. In this regard, 
a sequence of disjoint intervals /, = V(Ji),i — 0, . . . , I - 1, is called a tower of 
height t. The tower is said to be cyclic if in addition T e {]\) — }\. If moreover 
the map A : I — > E is constant on each interval /, then we can talk about the 
product of matrices along the tower, that we denote by A(Jm) • ■ • A(J\). 

Since the rank M is high, most of the intervals ^fj, j = 0, 1, . . . , M— 1, 
will be completely contained in one of the intervals F, (where A is constant). 
By changing T on a set of small measure, we may assume the collection of 
those "good" intervals is cyclically permuted by T. The union of the "bad" 
intervals is now an invariant set of small (less than N/M) measure, and so 
its contribution to the mean Lyapunov exponent is small. So, to simplify 
writing, we will assume that all intervals are good. 

Write F\{A\, . . .,An) - Av ■ ■ -A^. Among the intervals that are per- 
muted by T, select some }\, . . . , J p such that A\j t - A^. Since M can be 
chosen arbitrarily high compared to p, the measure of Ti = [f i=1 Ji is small. 
So, after another perturbation, we can assume that that the dynamics of T 
decomposes into two cyclic towers, the smaller of which is 

7i-»/2->----»/p-*7i. 

Call this tower T\. The product of matrices along it is precisely the elliptic 
matrix Fi(E). 



34 



Let 7~2 be the other, bigger, tower. Consider the product of matrices 
along T2; as a function of E that product is by definition a monomial Fa(E). 
We may assume that Fj and F2 are independent monomials. In fact, via a 
small perturbation of T we can remove a single level of the bigger tower to 
make F\ and F2 independent. The removed interval becomes an invariant 
set of small measure and can be disregarded. 

Hence, by definition of %, the pair (R,H) = (Fi(E),F2(E)) is i/>-Liouville. 
That is, there is an integer n such that 

Uo%p{H n R n )<e, (5) 

where e > is any fixed small number. 

Decompose each interval /; into n intervals of equal length /, = /, 1 U 
}i r 2 U • • • U Ji„. Modify slightly T in order to form the following tower of 
height np: 

h,i 
hi 

Jl,n —>•■•—> Jp, n — > Jl,l- 

The product along this new tower is R" . In the same way we decompose 
the 7~2 tower in n towers that we unfold as above into a single tower along 
which the product of matrices will be H n . As sets, the two new towers are 
still the same T\ and 7~2. 

By our construction, T\ and 7~2 have bases of the same size. So we can 
actually concatenate them one on top of the other to get a single cyclic tower 
along which the matrix product is H n R n . (This is done by composing on the 
left the dynamics with a map that permutes the bases of the towers.) Since 
almost all the space is covered by this tower, we deduce from that the 
integrated Lyapunov exponent corresponding to the perturbed dynamics 
is small. This proves theorem|7| 

5.3 Some open questions 

Problem 5.5. Does a finite set E c G with the following properties exist? 

1. E cannot be approximated by a uniformly hyperbolic set; 

2. there exists a measurable map A : I — > E which assumes every value in E on 
a set of positive measure such that LE(A,T) > Ofor every T e Aut(I,m). 
(Or even stronger, such that LE(A, T) > \q > Ofor every T.) 
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By theorem|7| those E with #E = N form a meager subset of G N . 
A positive answer to the following more elementary question would, by 
the ergodic theorem, answer problem l5.5l (in the stronger form) positively: 

Problem 5.6. Does there exist a pair of matrices A\, A2 e G with the following 
properties? A\ is hyperbolic, A2 is elliptic, and there are constants < p < 1 and 
A > 1 such that for every word A^A^ ■ ■ ■ Aj n satisfying the frequency condition 

#[je{l,...,n};ij = 2}<pn, (6) 

we have 

\\A h A i2 ---A in \\>A n . (7) 

Fixing some integer N > 2, we can also ask whether the set of E e G N 
that have the properties as in problem !5.5l has positive, or even full measure 
in the complement of the hyperbolicity locus in G N . 

Remark 5.7. From lemma 1531 we see that even if the right hand side in © 
is replaced by any function cp(n) such that <ft(n) — > 00 then the set of E e G 2 
that satisfy the conclusion of problem l5.6l is meager. 



A Appendices 
A.l Derived cocycles 

Given a set W c X of positive measure, we define the first return map 
T w : W -> W by T w (x) = T n ^ x \x), where n w (x) = min{n > 1; T n (x) e W}. 
nw and Tw are defined a.e. and we have Tw e Aut(W, u|w)- 

Define A T/W : W -> G as A T/W (x) = A" T w(x \x). The pair (T W ,A T>W ) is a 
G-cocycle on (W, u|w)- This is called the derived or induced cocycle. 

Proposition A.l. We have LE(Aj,w, Tw) - LE{A\<r, TV), where T is the T- 
invariant set Unez T~ n (W). 

In fact, if T is ergodic then T - X mod and the proposition is lemma 2.2 
from |K|. It is easy to adapt that proof to the general case, using Kac's 
formula in the form: 

n w dp. = u(T). 



f 

Jv 
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A.2 Semicontinuity 

It is well-known that: 

LE(A, T) = inf ^- f log||A^||dp. 

N 1\ J x 

Among the consequences, we have semicontinuity of LE(A, ■): 

Proposition A.2. Let A: X — » G be measurable and such that log ||A|| £ L l (p). 
Then the function T e Aut(X, p) h-> LE(A, T)eE is upper semicontinuous. 

Proof. We may assume that X is the unit interval I and p is Lebesgue measure 
m. The weak topology in Aut(l, m) is then given by the weak metric 

d{S,T) = inf{p > 0; m({\S -T\> p}) < p}. 

Let A : I — > G, T E Aut(I,m), and e > be fixed. There exists N e N 
such that 

LE(A, T) > -£ + tt f log ||A* II dm. 
Ji 

Since log||A|| is integrable, there is 5\ > such that if Z c I has mea- 
sure m(Z) < b\ then J^log||A||dm < e. By Lusin's theorem, there exists 
a compact set K c I such that the functions A\k and T\k are continu- 
ous, and m(K c ) < 6i/(2N). Let C = sup K ||A||. There is <5 2 > such 
that if A\, . . . , An, £>i, . . . , £>n £ G are matrices with norm at most C and 
HA; - Bdl < 6 2 for each i then || Un A i ~ Un B i\\ < £ - Let S3 > be such that if 
x,y e K, \x-y\ < 63 then ||A(x)-A(y)|| < 62. Take numbers r\\ > ■ ■ ■ > t]n-i > 
such that r\\ - 63/2 and 

x, y € X, \x - y\ < 2n i+1 \T(x) - T(y)| < r?;. 

Let p = min(r] N _i,6i/(2N)). 

Now assume S € A«f(I, m) is such that d(S, T) < p. Let W = {|S - T| < p}; 
then m(W c ) < p. Define 

N-l 

G = p| [t-'(X n W) n S" ! '(X n W)] . 

i=0 

Then G c has small measure: m(G c ) < Nm(K c + W c ) < 5\. We are going to 
bound the expression ^ log \\A^\\ dm. To do so, we are going to split the 

integral in two parts, fj = f G c + f G - F° r tne first part, we have 
- log||A~||d m <-y log||A||rfm<e. 
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For the second part, 



i £ log \\A%\\ dm < I £ log \\A*\\ dm + I £ ||A* - dm 

<LE(A / T) + £ + i f 
N Jg 

(We used that log(fl + b) < log a + b for a > 1, b > 0.) 

Let x e G. We claim that |r(x) - S ! '(x)| < 2?] N _,- for all i = 0, 1,. . .,N - 1. 
This is easily shown by induction: 

- s !+1 (*)i < ir(r'(x)) - t(s\x))\ + \ns\x)) - s(s\x))\ 

< T]N-i-\ + P< 27]N-;-l- 

In particular, for all i we have \T'(x) - S l (x)\ < 63 and thus ||A(T ! (x)) - 
A(S'(x))|| < 5 2 . Therefore \\A%(x) - A*{x)\\ < e. 
Summing the two parts, we conclude that 

LE{A, S)<^J g log \\A N s \\dm< LE(A, T) + e + ^. 

This shows upper semicontinuity. □ 
Remark A.3. For the semicontinuity of LE(-, T) in the L 1 -topology, see l ArBI . 



A.3 An auxiliary result from measure theory 

The aim of this section is to establish the lemma lA~4l below, which we use 
a few times in section |2j In what follows, I denotes the unit interval [0, 1], 
m denotes Lebesgue measure in I or (by abuse of notation) in the square I 2 , 
and 7i : I 2 — > I the projection in the first coordinate. 

Lemma A.4. Let Y be either G or P 1 . Let A, A' : I — > Y be measurable functions 
such that A*m - A'jn = v. Then there exists S € Aut(I 2 , m) such that A' o n o S = 
Aon m-a.e. 

The lemma is a straightforward consequence of the work of Rokhlin |R|, 
as we explain below. 

Let (X, \i) and (Y,v) be Lebesgue spaces and let h: (X,jj.) — > (Y,v) be a 
homomorphism (that is, a measurable map with v = h*y). Consider the 
Rokhlin disintegration of the measure v along fibers of h: For v-a.e. y 6 Y 
we have a probability measure y. y on the set h~ l (y). 

Lemma fA.4l is in fact a particular case of the following: 
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Proposition A.5. Let h,h' : {X,p) — > (Y,v) be two homomorphisms between 
Lebesgue spaces. Let {p g } and {p' g } be the respective Rokhlin disintegrations of the 
measure p. Assume that for v-a.e. y e Y, the measures p y and p' y are non-atomic. 
Then there exists an automorphism S : (X, p) — > (X, p) such that h' o S = h p-a.e. 

Proof. Consider the two decompositions C, - {/2 _1 (i/)}y e y andC' = {{h')~ l {y)} y eY 
of the space X. The factor spaces X/C and X/C' are isomorphic (to (Y,v), see 
iRl p. 32]). Therefore the result of |R p. 51], together with the assumption 
that p y and p' y are non-atomic, gives that the decompositions C and C' are 
isomorphic mod 0. This means (see |R, p. 9]) that there exist isomorphisms 
U and V which make the diagram below commutes mod 0: 



(Vertical arrows denote quotient maps.) From U we construct the desired 
automorphism S. □ 



A.4 Uniform spectral radius theorem 

Let 1 1 - 1 1 be an operator norm in GL{d, R), and let p(A) denote the spectral 
radius of A 6 GL(d,R). 

Proposition A.6. We have p(A) = lim n ^ +00 \\A n \\ l l n for every A e GL(d,R) r and 
the convergence is uniform in compact subsets ofGL(d, R). 

Proof. The first part is the spectral radius theorem. Now, fix Aq e GL(d, R) 
and £ > 0. Let n e N be such that ||Ag°|| 1/n ° < p(A ) + e. Let 5 > be such 
that \\A - A Q \\ < 5 implies ||A" || 1 ' / " < p(A ) + 2e and p(A) > p(A Q ) - e. For 
neN, we write n = mnQ + k with m > and < k < no. If n is sufficiently 
large and A is 6-close to Aq then 

p(A) < \\A n \\ 1/n < \\A no \\ m/n \\A\\ k/n 

< (p(A Q ) + 2£)" mo/ "(||Aol| + bf ln < p(A ) + 3e < p(A) + 4e. 

This shows uniform convergence in the ball {A; \\A — Aq\\ < 5}. □ 
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A.5 Generic measurable dichotomy for L°° or C° cocycles 

Here we show proposition 11.71 For that we need the proposition below, 
which is also used in the proof of theorem|6| 

Proposition A.7. IfX,Y are separable Baire spaces and KcXxYis residual, 
then there is a residual subset K'cX such that for every x e K' , the set % x - [y e 
Y; (x, y) € H) is a residual subset ofY. 

Proof. First let A c X x Y be an open and dense set. For any open set V cY, 
let Xa,v = {x e X; there exists y e V such that (x, y) e A}. Then X A ,v is open 
and dense in X. Let *V be a countable base of open subsets of Y, and consider 
the residual set X A = ClveV Xa,v- If we define A x = {y e Y; (x, y) e A}, then 
A x is open and dense in Y for every x e Xa- 

Now, given a residual set % c X x Y, write 7? = Pl^eiN^"' where A„ 
are open and dense. Let %' - C\ ne t^XA n - Then for every x e %' , the fiber 
*Rx - f\neN(A-n)x is a residual subset of Y. □ 

Proof of proposition \1.7\ We will only prove the L°° statement, because the C° 
one is analogous. Note that if A 6 L°°(X, G) then one should read the first 
alternative in the measurable dichotomy with "a.e. points" in place of "all 
points". 

By propositions IA.2l and lA.7l we only have to show that if the essential 
image of A € L 0O (X, G) is not an uniformly hyperbolic set (see definition ll.l4jl 
then for every T 6 Aut(X, /j) there exist A and f close to A and T respectively 
in the L°° and weak topologies, such that LE(A, f) is small. 

Fix such an A. Given T € Aut(X, fi), to say that the cocycle (A, T) is not 
uniformly hyperbolic means that 

Vc > 0, VA > 1, 3n £ N s.t. p jx; \\A^(x)\\ < cA n ) > . 

Therefore the set of T 6 Aut(X, p) such that (A, T) is not uniformly hyperbolic 
is a Gg set (in the weak topology). That set is also dense, by Baire and the 
assumption that the essential image of A is not an uniformly hyperbolic set. 

So given any automorphism T, we can find a weak perturbation t which 
is ergodic (see remark lLll and such that (A, f) is not uniformly hyperbolic. 
By a result from |BJ (mentioned in remark lL2^ . there exists A L°°-close to A 
such that LE(A, f ) = 0. □ 
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